Abstract: Several classes of locally compact groups have been shown to possess a qualitative uncertainty principle for the Gabor transform. These include Moore groups, the Heisenberg group ℍ n , the group ℍ n × D (where D is a discrete group) and other low-dimensional nilpotent Lie groups.
Introduction
For a second countable, unimodular, locally compact group of type I, let m denote the left Haar measure on G, and μ the Plancherel measure on the dual spaceĜ. For f ∈ L 1 (G), the Fourier transformf is defined as the operatorf
There is a variety of uncertainty principles that have been studied in detail recently. The common idea communicated by them is that a non-zero function and its Fourier transform cannot both be sharply localized. The qualitative uncertainty principle (QUP) for the Fourier transform can be written as follows:
If f ∈ L 1 (G) satisfies m(A f ) < ∞ and μ(B f ) < ∞, then f = 0 a.e., where A f = {x ∈ G : f(x) ̸ = 0} and B f = {γ ∈Ĝ :f (γ) ̸ = 0}.
The Fourier transform is the most commonly used tool for analyzing the frequency properties of a given signal. The transformation of a signal using the Fourier transform loses the information about time and it is very tough to tell where a certain frequency has occurred. This problem can be countered by using another transform, viz., the Gabor transform. A brief description of the continuous Gabor transform for second countable, unimodular, type I groups is discussed in Section 2.
In [3] , the QUP for the Gabor transform on certain classes of the locally compact groups, like abelian groups, ℝ n × K, K ⋉ ℝ n , where K is a compact group, has been established. The QUP for the Gabor transform can be stated as follows.
Qualitative uncertainty principle for the Gabor transform. If f ∈ L 2 (G) and ψ is a window function satisfying (m × μ)({(x, γ) : G ψ f(x, γ) ̸ = 0}) < ∞, then f = 0 a.e.
The organization of the paper is as follows: Section 3 demonstrates that the QUP holds for certain classes of nilpotent Lie groups including the Heisenberg group and other low-dimensional nilpotent Lie groups. In Section 4, we show that for a subgroup H of finite index the QUP holds for G if and only if it holds for H. Section 5 deals with a weaker version of the QUP for Moore groups. In Section 6, we shall prove the QUP for the Gabor transform on the groups of the form H × D, where D is a discrete group and H is a group for which the QUP holds. Section 7 provides a necessary condition for the QUP to hold for the Gabor transform for multiplier extensions of by an abelian group.
Continuous Gabor transform
For a second countable, unimodular, locally compact group G of type I, let (x, π) ∈ G ×Ĝ. We define
is a Hilbert space with the inner product given by
e. the space of all measurable vector fields F on G ×Ĝ such that
Then H 2 (G ×Ĝ) is a Hilbert space with the inner product given by
Let f be in C c (G), the set of all continuous functions on G with compact supports, and let ψ be a fixed non-zero function in L 2 (G), usually called window function. The continuous Gabor transform of f with respect to ψ can be defined as a measurable field of operators on G ×Ĝ given by
The operator-valued integral (2.1) is considered in the weak sense, i.e. for each (x, π) ∈ G ×Ĝ and ξ, η ∈ H π we have
Also, by using the Plancherel Formula [7] , it follows thatf ψ x (π) is a Hilbert-Schmidt operator for almost all π ∈Ĝ. Therefore, G ψ f(x, π) is a Hilbert-Schmidt operator for all x ∈ G. Furthermore, for almost all π ∈Ĝ and f, ψ ∈ L 2 (G) we have (see [2] 
where W ⊆Ĝ and q is a positive measurable function.
then the QUP for the Gabor transform on G holds.
Proof. Let g ∈ L 2 (G) and let φ be a window function such that
By the Weil's formula,
So, there exists a zero set K in G such that for all x ∈ G \ K,
. Now, using the Plancherel formula, we have
Thus,
which implies that g y | Z = 0 a.e. for all y ∈ G \ M. Since y is arbitrary, g = 0 a.e.
The idea of proof of the following lemma emerges from [4, 6] .
Proof. Replacing f by a suitable dilate, we can assume that
, with ⌈ ⋅ ⌉ being the greatest integer function.
Consequently, for almost all ξ ∈ ℝ n we have χ B f (ξ + m) ̸ = 0 only for finitely many m ∈ ℤ n . Fix ξ ∈ ℝ n and definef
Thus, (μ × m n−1 ){x :f ξ (x) = 0} > 0, which implies that
Butf ξ is a trigonometric polynomial for almost all ξ ∈ ℝ. Therefore,f = 0 a.e. Thus, f = 0 a.e.
Remark 3.3. Lemma 3.2 is also true for n ≥ 3 and p(x)
In this situation, we will consider
and let ψ be a window function such that
Proof. For each (y, δ) ∈ ℝ n × ℝ n , define
where T y and M δ are the translation and modulation operator, respectively. It is easy to prove thatF
Moreover, F (y,δ) is continuous and
So, it follows that
Hence,
Moreover,
Now using Lemma 3.2 and Remark 3.3, we have F (y,δ) = 0 for every (y, δ) ∈ ℝ 2 . So,
For a simply connected nilpotent Lie group G with Lie algebra g, the spaceĜ can be parameterized by the set of coadjoint orbits of G in the vector space dual g * of g. Let f ∈ g * , let π f denote the irreducible representation associated to f and let O f denote the coadjoint orbit of f . Let Z and Z denote the center of G and g, respectively. Applying Lemma 3.1 to G, we obtain the QUP for G if the following conditions hold: Now, from the data presented in [14] for low-dimensional groups and by using Lemma 3.4, the following groups have the QUP for the Gabor transform: 
Now by using Fubini's theorem, there exists a measure zero subset M of G such that
where supp denotes the support of ψ. Thus, m(A f ψ x ) < ∞. Now as G has the QUP for the Fourier transform, therefore f ψ x = 0 a.e. for all x ∈ G \ M. Since G \ M is dense in G and G is second countable, we can take a sequence (x j ) j∈ℕ contained in G \ M which is dense in G. Let
Then V is an open non-empty subset of G and ⋃ j∈ℕ x j V = G. Now define
Clearly, ψ is a strictly positive function. Now we have
which implies that f ⋅ h = 0 a.e. Since h is strictly positive, it follows that f = 0 a.e.
QUP for the Gabor transform
In this section, we shall consider G to be a second countable, unimodular, locally compact group of type I. Let H be a closed normal subgroup of G. We identify a representation π of G/H with its pullback to G, soĜ/H will always be considered as a closed subset ofĜ. 
So, there exists a zero set K ⊆ H such that for all x ∈ H \ K,
Fix x ∈ H \ K. By the Plancherel formula for finite extensions [12] , it follows that
Inequality (4.1) holds for every x ∈ H \ K. Therefore, we have
It follows that ∫
and therefore we have
Since G has the QUP for the Gabor transform, F = 0 a.e., and consequently f = 0 a.e. Thus, H has the QUP for the Gabor transform. Conversely, let H be a subgroup of finite index and that has the QUP for the Gabor transform. Then G has a normal subgroup N of finite index which is contained in H. Since H has the QUP for the Gabor transform and N has finite index in H, also N has the QUP for the Gabor transform. Moreover, G/N is finite, so by [3, Theorem 4.1], G has the QUP for the Gabor transform.
Remark 4.2.
Let G be a group whose all irreducible unitary representations are bounded, i.e. there exists M > 0 such that dim(H π ) ≤ M for all π ∈Ĝ. Then by [13] , G has an abelian subgroup H of finite index. Thus, it follows from Theorem 4.1 and [3] that G has the QUP for the Gabor transform if and only if the identity component G 0 of G is non-compact.
Theorem 4.3. Let G be a non-compact, non-discrete, unimodular group of type I. If G has a compact open normal subgroup H, then the QUP for the Gabor transform does not hold for G.

Proof. Let α = m G (H). Then 0 < α < ∞ and m H
where V is the smallest closed subspace containing
Now for all g ∈ G, a ∈ H and ξ ∈ H π , we have
which implies that V is a closed invariant subspace. As π is irreducible, we have V = H π . Thus, it follows that
Consequently, using [9, Theorem 2.4], we have
Remark 4.4.
A locally compact group G is said to be Plancherel if its dual objectĜ can be equipped with a measure μ G such that
Theorem 4.3 is true for non-compact, non-discrete Plancherel groups. Maurtner Groups [7] are examples of unimodular Plancherel groups that are not of type I.
Remark 4.5. Clearly, the QUP for the Gabor transform does not hold for groups of the type D × K, where D is a discrete Maurtner group and K is a compact group, and Moore groups with compact component of identity.
Proposition 4.6. Let G be a locally compact Plancherel Group and let K be a compact normal subgroup of G. If G satisfies the QUP for the Gabor transform, then G/K also satisfies the QUP for the Gabor transform.
Proof. Letḟ ∈ L 2 (G/K) and letψ be a window function such that
Define f(x) =ḟ (q(x)) and ψ(x) =ψ(q(x)), where q is the quotient map. For ξ, η ∈ H π , we have
It follows that
elsewhere, which means that G ψ f(x, π) is either zero almost everywhere on cosets of K, or non-zero almost everywhere.
Now, consider
Since G has the QUP for the Gabor transform, f = 0 a.e. Thus,ḟ = 0 a.e.
Moore groups
Throughout this section, G will be a Moore group, i.e. a locally compact group whose all irreducible unitary representations are finite-dimensional. Let G F denote the subgroup consisting of all elements of G with relatively compact conjugacy classes, which is an open normal subgroup of finite index. A locally compact group G has weak QUP for the Gabor transform if f ∈ L 2 (G) and ψ is a window function satisfying
It may be noted that Proposition 4.6 is true for the weak QUP for the Gabor transform.
Remark 5.1. A discrete Moore group G which satisfies the weak QUP for the Gabor transform is abelian. By considering f = χ {e} and ψ = χ {e} , we see that Proof. By the structure theorem [13, Theorem 3] , G/G 0 is a projective limit of discrete groups. Also G 0 is compact, so there exists a decreasing family of compact open normal subgroups H α in G such that ∩H α = G 0 . Now for each α the weak QUP holds for G/H α , and hence G/H α is abelian, which implies that the commutator
Next we consider a special kind of Moore groups, groups with bounded representation dimension. For a bounded representation dimension group G, define
Lemma 5.3. For a bounded representation dimension group G,
for all nonzero functions f and ψ ∈ L 2 (G).
Proof. We can assume that
Using above inequality, we have
Equivalently, ‖f‖
Proposition 5.4. Let G be a Lie Moore group with compact component of identity G
0 such that G/G 0 is abelian. Let f ̸ = 0 be in L 1 (G) ∩ L 2 (
G) and let ψ be a non-zero square integrable function which is constant on cosets of G
Since G/G 0 is abelian andf and ψ are non-zero square integrable functions, by Lemma 5.3 it follows that
Lemma 5.5. Let G be a Moore group and let
(ii) Let g =f and φ =ψ be the trivial extensions of f, ψ to all of G. Then
Integrating both sides with respect to x, we have
Hence, the required inequality holds.
(ii) For almost every x ∈ G F , we have that g 
As G F is a subgroup of finite index, the QUP for the Gabor transform holds for G if and only if it holds for G F , but it may not be true for the weak QUP for the Gabor transform. Every nonabelian discrete group for which G F is abelian will serve our purpose, e.g., (Z ⋊ {1, −1}). But if G has weak QUP for the Gabor transform, then from Lemma 5.5 (ii) we can conclude that G F has weak QUP for the Gabor transform. Moreover, if G F has weak QUP for the Gabor transform, then at least we have
Let N be a closed normal subgroup of a bounded dimension representation group G. A G-invariant character γ of N is a continuous homomorphism from N to satisfying γ(y −1 xy) = γ(x) for all x ∈ N and y ∈ G. 
. 
is defined to be minimizing functions. 
Then by Proposition 4.6 we have
.
(QUP) for the Gabor transform
In this section, we consider groups of the form G = H × D, where H is a second countable, unimodular, locally compact group of type I and D is a discrete group of type I. We now consider the Wiener amalgam space [8] , which is defined as follows: 
